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Abstract
We consider a fourth-order eigenvalue problem on a semi-infinite strip which arises in the study of viscoelastic
shear flow. The eigenvalues and eigenfunctions are computed by a spectral method involving Laguerre functions
and Legendre polynomials.
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1. Problem formulation
The problem to be considered is to find the eigenvalues Λ and eigenfunctions χ of the fourth order
boundary value problem
∇4χ = Λ ∂
3χ
∂x∂y2
, (1.1)
on the semi-infinite strip Ω = {(x, y) : 0 < x < ∞, |y| < 1}, together with the boundary conditions
χ = ∂χ
∂y
= 0 on y = ±1, (1.2)
χ = ∂
2χ
∂x2
= 0 on x = 0, χ ≡ 0 as x → ∞. (1.3)
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This problem arises in the study of linear stability of torsional flow of a viscoelastic fluid between two
parallel-plates in the limit as the aspect ratio α approaches zero [1]; and between a cone and a plate as
the gap angle α approaches zero [2]. It also arises in the study of non-isothermal flow of a viscoelastic
fluid between two parallel plates [3]. The linear stability of axisymmetric viscoelastic torsional flow has
been considered for selected values of α, when α is small by Olagunju [2] and Renardy and Renardy [4].
Eq. (1.1) was obtained as the inner equation in a singular perturbation expansion of the linear stability
problem as α → 0 [2].
In this paper we will solve the problem (1.1)–(1.3) by a spectral method. Before doing so, we first
prove the following theorem.
Theorem 1. If Λ is an eigenvalue of (1.1)–(1.3), then Λ is purely imaginary.
Proof. It is trivial to show that if Λ is an eigenvalue, then Λ = 0,∞. Also, if χ is an eigenfunction then∫ ∫
Ω |∇2χ |2 = 0. Now, suppose that Λ is complex. Multiply (1.1) by χ¯ , the complex conjugate of χ ,
and use the divergence theorem to obtain∫ ∫
Ω
|∇2χ |2dA = Λ
∫ ∫
Ω
χ¯
∂3χ
∂x∂y2
dA. (1.4)
Similarly, take the complex conjugate of (1.1), multiply by χ and integrate by parts to obtain∫ ∫
Ω
|∇2χ |2dA = Λ¯
∫ ∫
Ω
χ
∂3χ¯
∂x∂y2
dA = −Λ¯
∫ ∫
Ω
χ¯
∂3χ
∂x∂y2
dA. (1.5)
Dividing (1.4) by Λ, and (1.5) by Λ¯ and adding we obtain (Λ−1 + Λ¯−1) ∫ ∫Ω |∇2χ |2dA = 0, from which
it follows that (Λ+ Λ¯) = 0.
2. Numerical solution
In this section we employ a spectral Galerkin method to compute some of the eigenvalues and
eigenfunctions of (1.1)–(1.3). We seek a solution of the form
χ =
N1∑
m=0
N2∑
n=0
vmnΦm(x)Ψn(y), (2.1)
where the functions Φm(x) and Ψn(y) are chosen to satisfy the boundary conditions. Specifically, for
k = 0, 1, . . ., we choose for Ψk the following functions proposed by Shen [5]
Ψk(y) = κk
[
Pk(y) − 2(2k + 5)Pk+2(y) + 2k + 32k + 7 Pk+4(y)
]
, (2.2)
where Pk(y) is the Legendre polynomial of degree k and κk = [2(2k + 3)2(2k + 5)]−1/2. Then for all k,
we have Ψk(±1) = 0 and Ψ ′k(±1) = 0. For k = 0, 1, . . ., the function Φk(x) is defined by
Φk(x) = Lk(x) − 2k + 3k + 2 Lk+1(x) +
k + 1
k + 2Lk+2(x), (2.3)
where the Laguerre function Lk(x) is defined by Lk(x) = Lk(x)e−x/2, and Lk(x) is the
Laguerre polynomial of degree k [6,7]. From the properties of Laguerre polynomials it follows that∫∞
0 Ln(x)Lm(x)dx = δnm , where δnm is the Kronecker delta. Then for all k, Φk(0) = 0, Φ′′k (0) = 0,
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and Φk(x) → 0 as x → ∞. The use of Laguerre functions instead of Laguerre polynomials has been
shown to be more stable in numerical computations on semi-infinite intervals [8–10].
Substituting (2.1) into Eq. (1.1), multiplying by Φl(x)Ψk(y) and integrating on [0,∞) × [−1, 1] we
obtain the linear system
BV C + 2DV E + GV H = ΛPV E . (2.4)
The matrices B = (bi j ) etc., are defined as follows
bi j =
∫ ∞
0
Φ′′i (x)Φ′′j (x)dx, hi j =
∫ 1
−1
Ψ ′′i (y)Ψ ′′j (y)dy = δi j , (2.5)
di j =
∫ ∞
0
Φ′i(x)Φ′j (x)dx, ei j =
∫ 1
−1
Ψ ′i (y)Ψ ′j (y)dy, (2.6)
gi j =
∫ ∞
0
Φi (x)Φ j (x)dx, ci j =
∫ 1
−1
Ψi(y)Ψ j(y)dy, (2.7)
and
pi j =
∫ ∞
0
Φ′i (x)Φ j (x)dx . (2.8)
In Eq. (2.5), δi j is the Kronecker delta. The problem is to find a non-trivial matrix V = (vi j ) such that
Eq. (2.4) is satisfied. The matrices appearing in Eq. (2.4) are symmetric except for P which is skew-
symmetric. By a straightforward but long calculation one can show that the non-zero entries on and
above the diagonal in the matrices above are given by
bmm = 3(m
2 + 3m + 1)
8(m + 2)2 , bmm+1 =
2m2 + 8m + 5
8(m+)(m + 3), bmm+2 =
m + 1
16(m + 2) , (2.9)
dmm = m
2 + 3m + 3
2(m + 2)2 , dmm+1 =
1
2(m + 2)(m + 3) , dmm+2 = −
m + 1
4(m + 2) , (2.10)
gmm = 2(3m
2 + 9m + 7)
(m + 2)2 , gmm+1 = −
2(2m2 + 8m + 7)
(m + 2)(m + 3) , gmm+1 =
m + 1
m + 2 (2.11)
and
pmm+1 = m + 2
m + 3 , pmm+2 = −
m + 1
2(m + 2) . (2.12)
The non-zero values of ci j and ei j were given in [5] and are quoted here as follows
ekk = −2(2k + 3)κ2k βk, ekk+2 = −2(2k + 3)κkκk+2, (2.13)
ckk = κ2k (νk + β2k νk+2 + γ 2k νk+4) ckk+2 = κkκk+2(βkνk+2 + γkβk+2νk+4), (2.14)
and
ckk+4 = κkκk+4γkνk+4, (2.15)
where νk = 2/(2k + 1), γk = (2k + 3)/(2k + 7), βk = −(1 + γk), and κk is defined above. In our
computations we have taken N1 = N2 = N . Eq. (2.4) can be reduced to the generalized eigenvalue
problem
AV = ΛBV (2.16)
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Table 1
Eigenvalues for the even and odd eigenfunctions
Λ1 Λ2 Λ3
Even ±10.623i ±10.861i ±11.251i
Odd ±14.407i ±15.034i ±16.023i
Fig. 1. Contour plot of the real and imaginary parts of the even eigenfunction χ . Left column is R(χ) while the right column is
(χ).
where the vector V = (v00, . . . , v0N , v10, . . . , v1N , . . . , vN0, vN1, . . . , vN N )T and the matricesA and B
are given by
A = B ⊗ C + 2D ⊗ E + G ⊗ H, B = P ⊗ E , (2.17)
and B ⊗ C is the tensor product of B and C . Eq. (2.16) can be solved using a standard software package
for the eigenvalues Λ and eigenvectors V . Note that the eigenfunctions separate into either an even
function or an odd function of y. The first three eigenvalues Λ1, Λ2, and Λ3 in increasing order of
|Λ| are given in Table 1. As remarked above, Eq. (1.1) is the leading term in a singular perturbation
expansion of χ as the aspect ratio α → 0. In [2,4], the critical eigenvalue with the smallest absolute
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Table 2
Leading eigenvalue ΛO L and ΛR R for selected values of the aspect ratio α, obtained in [2] and [4] respectively
α 0.2 0.1 0.05
ΛR R 15.33(0.082 ± i) 13.35(0.038 ± i) 12.24(0.021 ± i)
ΛO L 10.74(−0.001 ± i) 10.69(−0.001 ± i) 10.71(−0.001 ± i)
Fig. 2. Contour plot of the real and imaginary parts of the odd eigenfunction χ . Left column is R(χ) while the right column is
(χ).
value was calculated for selected values of α. It should be pointed out that the equation solved in [4]
was obtained in [1] through an order of magnitude type argument and not as a rational asymptotic
limit for small α. So while we expect the results to be close when α is small, we do not expect
exact agreement with the results obtained here. For purposes of comparison note that the eigenvalue
λ in [4] and Λ′ in [2] are related to Λ by Λ = −λ/(2α) and Λ = −Λ′/(2α) respectively. Their results
are reproduced in Table 2. Note in particular that for α small the leading eigenvalue ΛO L 	 ±10.7i
compares well with the value Λ1 = ±10.6i in Table 1. Eigenfunctions corresponding to the first
three eigenvalues in Table 1 are shown in Fig. 1 for the even eigenfunctions, and in Fig. 2 for the odd
eigenfunctions.
810 D.O. Olagunju / Applied Mathematics Letters 18 (2005) 805–810
References
[1] D.O. Olagunju, On short wave elastic instabilities in parallel plate flow, Proc. ASME Annual Meeting 234 (1997) 243–248.
[2] D.O. Olagunju, Linear stability of viscoelastic cone-plate flow in a bounded domain, J. Non-Newton Fluid Mech. 116
(2004) 329–345.
[3] D.O. Olagunju, Secondary flow in non-isothermal viscoelastic parallel-plate flow, J. Engng. Math. (2005) (to appear).
[4] Y. Renardy, M. Renardy, A model equation for axisymmetric stability of small-gap parallel-plate flow, J. Non-Newton
Fluid Mech. 77 (1998) 103–114.
[5] J. Shen, Efficient spectral-Galerkin method I: Direct solvers of second- and fourth-order equations using Legendre
polynomials, SIAM J. Sci. Comput. 15 (1994) 1489–1505.
[6] G. Szegö, Orthogonal Polynomials, 4th edition, Amer. Math. Soc. Colloq. Publ., vol. XXII, AMS, Providence, 1975.
[7] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, Dover Publications, New York, 1965.
[8] D. Gottlieb, S.A. Orszag, Numerical Analysis of Spectral Methods: Theory and Applications, CBMS Regional Conf. Ser.
in Appl. Math., vol. 26, SIAM, Philadelphia, 1977.
[9] D. Funaro, Computational aspects of pseudospectral Laguerre approximations, Appl. Numer. Math. 6 (1989–1990)
447–457.
[10] J. Shen, Stable and efficient spectral methods in unbounded domains using Laguerre functions, SIAM J. Numer. Anal. 38
(2000) 113–1133.
